Transient response of a quantum wave to an instantaneous potential step switching by Delgado, F et al.













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































: initially a positive-momentum cuto plane
wave in x < 0.
The momentum representation of  
1
























































































The zero of energy is set by convention at the left level,




are given in Appendix A.
The square root in the denition of q is chosen with a






, whereas p has a branch cut in the q-plane





. This means in particular that
q and p have the same sign for E
q


















(q; t = 0); (17)
where C
1
goes from  1 to +1 above all singularities






(q; t = 0)R
1
= 0; (18)
as can be seen by closing the integration contour with a
larg arc in the upper q-plane and using Cauchy's theorem.
Since  
q
is an eigenstate of the Hamiltonian (even for
















: initially a negative-momentum cuto plane
wave in x < 0, or an evanescent wave.
The momentum representation of  
2












with the pole again in the lower half q-plane. Following
the same procedure used for  
1
and using the same R-
function decomposition [Eqs. (12) and (13)], the eigen-
functions  
q





















In the evanescent case, E
q










the pole lies in the lower imaginary axis.
C.  
3
: initially a positive momentum cuto plane
wave in x > 0.
The treatment of  
3
(x) is dierent. The momentum
representation of  
3
(x; t = 0) is given by

3


























; x  0
(23)
where the amplitudes are given in Appendix A. Similarly








































going from  1 to 1 passing below the
singularities (pole and branch cut). Note that the con-



















: initially a negative momentum cuto plane
wave in x > 0.















The explicit expressions for  
j
(x; t), j = 1; ::; 4 are
given in Appendix B. The dierent terms contain expo-
nentials of the form exp(iqx=h) or exp(ipx=h) (for
terms with support x  0 or x  0 respectively). In each
case the integral is better solved in the corresponding
plane, q or p, by contour deformation along the steepest
descent path to be described below. We shall generically
use the variable k in both cases. Note that due to the de-
composition of the stationary wave functions into three
terms (associated with a T -amplitude, an R-amplitude
and an independent term, I, see Eqs. (11) and (23)) each
wave function  
j
(x; t) may be separated into three con-
tributions that we shall denote as  
j








. There are twelve of these terms, each with
support in one half-line, and therefore twelve dierent in-
tegrals. We shall denote as k
j
the poles in the momentum
representation of the initial state  
j
(x; t = 0). They are
listed in Table 1 together with many other features of the








































  1) + 1; (31)
and g(k) has always a pole (we shall drop the subscripts
j;  unless they are strictly necessary). Moreover, the
R and T -terms have also a branch cut singularity. The
saddle point of the exponent is at k =  b=2a (xm=t for
I and T -terms and  xm=t for R-terms) and the steepest
descent path is the straight line Im(k) =  (Re(k)+b=2a).
By completing the square, introducing the new variable
u,
u = (k + b=2a)=f; f = (1  i)(mh=t)
1=2
; (32)
which is real on the steepest descent path and zero at the
saddle point, and mapping the contour to the u-plane,


















+ b=2a)=f and possibly a branch cut, whereas
k
0
is given in Table 1. It is now useful to separate the











=f is the residue of G(u) at u = u
0
and the
remainder, H(u), is obtained by substraction. Note that
H(u) is either an entire function, if there is no branch
cut, or its only singularity is the branch cut.





. The rst one may be reduced to a known
function by deforming the contour along the steepest de-






































); j = 3; 4
(35)
where w(z) = exp( z
2
)erfc( iz). In general the second













However, the computational eort is greatly reduced by
deforming the contour along the steepest descent path
too. The branch cut, whenever it is present, cannot be







Otherwise there is no branch cut contribution and the
integral may be expressed as a series by expanding H(u)
























In practice the rst term gives already a very good ap-
proximation, even if Eq. (37) holds. The I
00
-integrals






and their relative importance with respect to
w-terms from I
0
is only signicant for rather small x at
intermediate times, since as t!1, I
00
! 0 in all cases.
A general analytical approximationmaking use of I
0
and





































FIG. 1: Exact density versus t (solid line), and approximation
using Eq. (39) (dotted line) for x = 100nm. Also shown is
the contribution of I
00
multiplied by a factor of 10 (dashed
line), and the point when the steepest descent path crosses











with the upper sign for j = 1; 2 and the lower sign for
j = 3; 4, see Fig. 1. Note the basic role of the w-
functions, which may be considered elementary transient
mode propagators of the Schrodinger equation [9]. They
will show approximate wave fronts when x(u
0
= 0) lies
within the domain of the term (i.e., when the saddle
meets the pole). This occurs (for q
0
> 0) for the terms
1T, 1R, 2I, 3I, 4T and 4R, see two examples in Figure 2.




















terms vanish as t ! 1 for nite x, since these
waves move initially away from the origin. In spite of
this dominant motion, note that there is a transitory and
generally small contribution of  
2T
at positive x and of
 
3T
at negative x. On the contrary the w-functions of
 
1;4
pick up the exponential contribution in Eq. (40)
which gives the new stationary states. In particular, as





































































; x  0
IV. EXAMPLES
Figure 3 shows a typical wavefunction \density" [25]

































































FIG. 3: j j
2
versus x for t = 10 fs (upper gure) and
t = 50 fs (lower gure). Exact solution (solid line). The
diamond marks p
0
t=m; the circle p
0
0













For x > 0 the main features are two atter regions rep-
resenting the old (to the right) and new (to the left) sta-
tionary regimes separated by an oscillating structure. A
simple semiclassical picture provides a good zeroth order
explanation: assume a stationary ux of classical parti-





. After the potential switch at
t = 0, the last transmitted particle with momentum p
0
will be at p
0

















)t=m where the two
types of particles coexist. In the corresponding quan-
tum scenario one may expect interference and oscilla-





) in this region, whereas







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































7the analysis of the device transient response to an in-
stantaneous potential step switching. The characteristic
time of the response is of practical interest to determine
the nanostructure transport properties and its possible
applications to novel ultrahigh speed semiconductor de-
vices.
We have obtained an exact solution of the transition
between two stationary scattering states due to the sud-
den change in a potential step. Equivalently, we have
solved exactly the Moshinski shutter problem for an arbi-
trary cut-o plane wave in the step potential. (For other
potential shapes see [14, 15, 16, 17, 18]). The explicit ex-
pressions obtained for their time evolution would in fact
be directly applicably to an arbitrary cut-o potential
with dierent asymptotic levels by using the appropriate
transmission and reection amplitudes. (For recent work
on step-like potentials scattering see [19, 20]). The exact
results allow to identify characteristic times for the tran-
sients. They also provide a needed reference for testing
approximate methods that model time dependent open
systems (nite systems exchanging particles with the out-
side) with injecting and absorbing boundary conditions.
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APPENDIX A: REFLECTION AND
TRANSMISSION AMPLITUDES
The reection and transmission amplitudes in station-






















for positive values of the arguments. The analytical con-
tinuations for negative arguments are the amplitudes for
the \outgoing" or \time-reversed" stationary states.
APPENDIX B: WAVE FUNCTIONS
These are the time dependent wave functions corre-
sponding to the initial conditions given in Eqs. (6-9) for









































; x  0
(B1)













































); x  0
(B2)
with the minus sign for  
3
and the plus sign for  
4
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d (x)=dx]. However, because of the con-
tinuum normalization of the wave functions J does not
have dimensions of a current density, which would be re-
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TABLE I: Features of the terms  
j
.
